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EXOTIC TWISTED EQUIVARIANT COHOMOLOGY OF LOOP SPACES,
TWISTED BISMUT-CHERN CHARACTER AND T-DUALITY
FEI HAN AND VARGHESE MATHAI
Abstract. We define exotic twisted T-equivariant cohomology for the loop space LZ of
a smooth manifold Z via the invariant differential forms on LZ with coefficients in the
(typically non-flat) holonomy line bundle of a gerbe, with differential an equivariantly flat
superconnection. We introduce the twisted Bismut-Chern character form, a loop space re-
finement of the twisted Chern character form in [5], which represent classes in the completed
periodic exotic twisted T-equivariant cohomology of LZ. We establish a localisation theo-
rem for the completed periodic exotic twisted T-equivariant cohomology for loop spaces and
apply it to establish T-duality in a background flux in type II String Theory from a loop
space perspective.
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Introduction
This paper is motivated in part by Witten [22], Atiyah [1] and Bismut [2]. Atiyah, working
out an idea of Witten, revealed the remarkable fact that the index of the Dirac operator on the
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spin complex of a spin manifold can be formally interpreted as an integral of an equivariantly
closed (with respect to the standard circle action on the loop space) differential form over
loop space. A formal application of the localisation formula of Duistermaat-Heckman [10, 11]
leads to the index theorem of Atiyah-Singer for the Dirac operator. Bismut extended this
approach to a Dirac operator twisted by a vector bundle with connection. In doing so, for
a vector bundle with connection, he constructed an equivariantly closed form on the loop
space, lifting the Chern character form of the vector bundle with connection to the loop
space. This paper is also partly motivated by recent developments in String Theory in a
background flux. In [4], it was argued that D-brane charges in a background H-flux take
values in twisted K-theory of spacetime Z, K•(Z,H). The Chern-Weil representatives of
the twisted Chern character ChH : K
•(Z,H) → H•(Z,H) were defined and its properties
studied in [5, 18]. In this paper, we use some of the fundamental constructions in [2] and
extend them to twisted K-theory and twisted cohomology [5, 18].
In §1 and §2, we introduce a completed periodic exotic twisted T-equivariant cohomology
of loop space h•T(LZ,∇
LB : H¯) via the invariant differential forms on LZ with coefficients
in the (typically non-flat) holonomy line bundle LB, denoted Ω•(LZ,LB)T, with canonical
connection ∇L
B
of a gerbe GB with connection on Z, with differential the equivariantly
flat superconnection ∇L
B
− iK + H¯ , where H¯ is an explicit LZ extension of H . We then
introduce the twisted Bismut-Chern character form, BChH(E,∇
E), which represents classes
in h•T(LZ,∇
LB : H¯) and is a loop space refinement of the twisted Chern character form
ChH(E,∇
E) in [5, 18]. When H = 0, it reduces to the Bismut-Chern character form
BCh(E,∇E) in [2]: see also [12, 21, 20, 16, 14] for other interesting interpretations and
extensions of the Bismut-Chern character. More precisely, we define these in such a way
that the following diagram commutes,
(0.1) K•(Z,H)
ChH **❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
BChH // h•T(LZ,∇
LB : H¯)
restt✐✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐
H•(Ω(Z)[[u, u−1]], d+ u−1H)
where res is the localisation map, degree(u) = 2 and H¯ is a degree 3-form on LZ that is
completely determined by H which will be defined in the next section. We establish the basic
properties of completed periodic exotic twisted T-equivariant cohomology in §2 and define
the twisted Bismut-Chern character BChH in §3. This includes the Localisation Theorem
in §2, as well as Lemma 4.3, establishing the isomorphisms
(0.2) h•T(LZ,∇
LB : H¯) ∼= H•(Ω(Z)[[u, u−1]], d+ u−1H) ∼= H•(Z,H)[[u, u−1]].
This justifies our premise that over the rationals at least, D-brane charges in a background
H-flux take values in h•T(LZ,∇
LB : H¯), whose configuration space is the space of loops on
spacetime Z. This perspective is more natural in the context of String Theory.
We apply this in §4 to the study of T-duality. In [6, 7], the following situation is studied.
(Z,H)
p
""❊
❊❊
❊❊
❊❊
❊❊
(Ẑ, Ĥ)
p̂||①①
①①
①①
①①
①
X
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where Z, Ẑ are principal circle bundles over a base X with fluxes H and Ĥ , respectively,
satisfying p∗(H) = c1(Ẑ), p̂∗(Ĥ) = c1(Z) and H − Ĥ is exact on the correspondence space
Z ×X Ẑ. Then in [6, 7], it was proved that there is an isomorphism of twisted K-theories
K•(Z,H) ∼= K•+1(Ẑ, Ĥ)
and an isomorphism of twisted cohomology theories, H•(Z,H) ∼= H•+1(Ẑ, Ĥ), so by Lemma
4.3, also an equivalence
H•(Ω(Z)[[u, u−1]], d+ u−1H) ∼= H•+1(Ω(Ẑ)[[u, u−1]], d+ u−1Ĥ).
As a consequence of our Localisation Theorem 2.1, properties of the twisted Bismut-Chern
character in §3, and the T-duality isomorphisms described above in [6, 7], we obtain a
T-duality isomorphism of completed periodic exotic twisted T-equivariant cohomologies,
h•T(LZ,∇
LB : H¯) ∼= h•+1T (LẐ,∇
LB̂ :
¯̂
H), which is interpreted as T-duality from a loop space
perspective, giving an equivalence (rationally) between D-brane charges in a background H-
flux in type IIA and IIB string theories. As a consequence of the above, we propose that
the configuration space of Ramond-Ramond fields be the space of differential forms with
coefficients in the holonomy line bundle on loop space LZ of the gerbe GB on spacetime Z,
and that are closed under the equivariantly closed superconnection.
1. Exotic twisted T-equivariant cohomology of loop space
Let Z be a smooth manifold. In this section, we define the exotic twisted T-equivariant
cohomology of the loop space LZ.
1.1. Brylinski open cover. We want to study open covers {Uα} of Z such that the space
of loops {LUα} is an open cover of LZ. The usual Cech open cover of Z consisting of a
convex open cover of Z does not satisfy this property. Suppose that {Uα} is a maximal open
cover of Z with the property that H i(UαI ) = 0 for i = 2, 3 where UαI =
⋂
i∈I Uαi , |I| <∞.
We call such an open cover a Brylinski open cover of Z. It is easy to see that {LUα} is an
open cover of LZ. For instance let γ : T → Z be a smooth loop in Z and Uγ a tubular
neighbourhood of γ in Z. Then {Uγ , γ ∈ LZ} is a Brylinski open cover.
1.2. Cech-de Rham cocycles on Brylinski open covers and gerbes. Let {Uα} be a
Brylinski open cover of Z and H a closed 3-form on Z such that 1
2pii
H has integral periods.
Since H3(Uα) = 0, H
∣∣
Uα
= dBα for some purely imaginary Bα ∈ Ω
2(Uα). Also Bβ − Bα =
dAαβ sinceH
2(Uα∩Uβ) = 0, where Aαβ is also chosen to be purely imaginary. Then (H,B,A)
defines a connective structure (or connection) for a gerbe GB on Z.
A geometric realization of the gerbe GB is {(Lαβ,∇
L
αβ)}, a collection of line bundles Lαβ →
Uαβ such that there is an isomorphism Lαβ⊗Lβγ ∼= Lαγ on Uαβγ and collection of connections
{∇Lαβ} such that ∇
L
αβ = d+ Aαβ (note that as H
2(Uα ∩ Uβ) = 0, the bundle Lαβ is trivial).
Then we have
(1.1) (∇Lαβ)
2 = FLαβ = Bβ − Bα.
The holonomy of this gerbe is a line bundle LB → LZ over the loop space LZ. LB has
Brylinski local sections {σα} with respect to {LUα} such that the transition functions are
{e−
∫
1
0
iKAαβ = e−τ(Aαβ)}, where τ is the transgression defined in (1.3), i.e. σα = e
−
∫
1
0
iKAαβσβ ,
where K is the vector field on LZ generating rotation of loops. The Brylinski sections are
3
T-invariant. LB comes with a natural connection, whose definition with respect to the basis
{σα} is
(1.2) ∇L
B
= d− iKB¯α = d− τ(Bα),
where B¯α is explained below and
(1.3) τ : Ω•(UαI ) −→ Ω
•−1(LUαI )
is the transgression map defined as
(1.4) τ(ξI) =
∫
T
ev∗(ξI), ξI ∈ Ω
•(UαI ).
Here ev is the evaluation map
(1.5) ev : T× LZ → Z : (t, γ)→ γ(t).
The curvature of the connection ∇L
B
is FB = (∇
LB)2 = −τ(H) is the transgression of the
minus 3-curvature H of the gerbe GB.
For more details, cf. [9].
1.3. Exotic twisted T-equivariant cohomology of loop space. Consider Ω•(LZ,LB)
which is the space of differential forms on loop space LZ with values in the holonomy line
bundle LB → LZ of the gerbe GB on Z.
Let ω ∈ Ωi(Z). Define ωˆs ∈ Ω
i(LZ) for s ∈ [0, 1] by
(1.6) ωˆs(X1, . . . , Xi)(γ) = ω(X1
∣∣
γ(s)
, . . . , Xi
∣∣
γ(s)
)
for γ ∈ LZ and X1, . . . , Xi are vector fields on LZ defined near γ. Then one checks that
dωˆs = d̂ωs. The i-form
(1.7) ω¯ =
∫ 1
0
ωˆsds ∈ Ω
i(LZ)
is T-invariant, that is, LK (ω¯) = 0. Moreover τ(ω) = iKω¯.
Let H be a closed 3-form on Z with integral periods as above, and H¯ ∈ Ω3(LZ) be the
associated closed 3-form on LZ. Define DH¯ = ∇
LB − iK + H¯. Then we compute,
Lemma 1.1. (DH¯)
2 = 0 on Ω•(LZ,LB)T.
Proof. Let {Uα} be a Brylinski open cover of Z. Then H¯
∣∣∣
LUα
= dB¯α on LUα. On LUα, we
have
(DH¯)
2(1.8)
=(∇L
B
− iK + H¯)
2(1.9)
=(d− iKB¯α − iK + H¯)
2(1.10)
=
(
(d− iK) + (d− iK)B¯α
)2
(1.11)
=
(
exp(−B¯α)(d− iK) exp(B¯α)
)2
(1.12)
=− LK − (LKB¯α) = −LK ,(1.13)
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where LK denotes the Lie derivative of the vector field K. As the Brylinski sections are
invariant, we have LK = L
LB
K on LUα. So (DH¯)
2 = −LL
B
K , which vanishes on Ω
•(LZ,LB)T
as claimed. 
Notice that DH¯ = ∇
LB − iK + H¯ is a flat T-equivariant superconnection (in the sense
of Quillen [19, 17]) on Ω•(LZ,LB)T. Therefore
(
Ω•(LZ,LB)T, DH¯
)
is a Z2-graded complex.
We call the cohomology of this complex the exotic twisted T-equivariant cohomology of loop
space, denoted by H•T(LZ,∇
LB : H¯).
2. Localisation theorem
In this section, we prove the localisation theorem in our context. Much of the background
material can be found in [15].
Let M be a (possibly infinite dimensional) T-manifold and ξ a T-equivariant complex line
bundle over M . Let ∇ξ be a T-invariant connection on ξ and H ∈ Ω3cl(M) a closed 3-form
such that
(∇ξ − uiK + u
−1H)2 + uLξK = 0,
where K is the Killing vector field.
Define the completed periodic exotic twisted T-equivariant cohomology h•T(M,∇
ξ : H) to
be the cohomology of the complex
(2.1) (Ω•(M, ξ)T[[u, u−1]],∇ξ − uiK + u
−1H).
A T-manifoldM is called strongly regular if the fixed point set F is a smooth submanifold,
which has an invariant neighbourhood N such that (i) N has an invariant good cover {Wα},
i.e. each Wα is T-homotopic to a point; (ii) there exists a projection p : N → F and an
equivariant homotopy
g : N × I → N,
(I = [0, 1]) with the property that
g0 = i ◦ p, g1 = id,
p(gt(x)) = g0(x), ∀x ∈ N, t ∈ I,
where i : F → N is the embedding.
Theorem 2.1 (Localisation Theorem). If M is a strong regular T-manifold, then
(2.2) i∗ : h•T(M,∇
ξ : H) ∼= h•T(F, i
∗∇ξ : i∗H) = H(Ω•(F, i∗ξ)[[u, u−1]], i∗∇ξ + u−1i∗H).
is an isomorphism, where for simplicity, we also denote the embedding of F into M by i.
We apply this to the following situation. Let Z be a finite dimensional manifold, and let
LZ denote the infinite dimensional manifold consisting of all smooth loops in Z. Let T act
on LZ by rotation of loops. Z has an invariant tubular neighbourhood in LZ, this makes
LZ into a strongly regular T-manifold (cf. [15]) with fixed point set (LZ)T = Z, identified
with the space of all the constant loops in Z. As the holonomy line bundle LB is trivial
when restricted to Z, the constant loop space, so by the localisation theorem above, we have
Corollary 2.2. The restriction to the constant loops
(2.3) res : h•T(LZ,∇
LB : H¯) ∼= H(Ω•(Z)[[u, u−1]], d+ u−1H).
is an isomorphism.
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This justifies the following proposal:
Over the rationals, D-brane charges on space-time Z in a background H-flux,
take values in h•T(LZ,∇
B : H¯).
Note that the configuration space in this proposal is the much larger space of differential
forms on loop space LZ, which is more naturally related to the geometric picture of strings.
Before we prove Theorem 2.1, let us first establish some properties of completed periodic
exotic twisted T-equivariant cohomology.
Lemma 2.3. Let M be a T-manifold and ξ be an T-equivariant complex line bundle over
M . Let ∇ξ be a connection on ξ and H ∈ Ω3(M) be a 3-form such that
(∇ξ − uiK + u
−1H)2 + uLξK = 0.
Suppose the action has no fixed points, then
h•T(M,∇
ξ : H) = 0.
Proof. Choose a T-invariant metric on TM . Let θ be the one form dual to the Killing vector
field K. Then we have
(d− uiK)θ
=dθ − uiKθ
=dθ − u|K|2
=− u|K|2
(
1−
dθ
u|K|2
.
)(2.4)
Let γ = ((d − uiK)θ)
−1 = −u−1|K|−2
∑∞
i=0
(
dθ
u|K|2
)i
. As γ((d − uiK)θ) = 1, applying
d− uiK on both sides and using the fact that LKθ = 0, we have (d− uiK)γ = 0.
Define ω = θγ, an odd degree form. Then (d− uiK)ω = ((d− uiK)θ)γ = 1.
∀x ∈ Ω•(M, ξ), we have
(∇ξ − uiK + u
−1H)(ω · x) + ω · ((∇ξ − uiK + u
−1H)x)
=(∇ξ − uiK)(ω · x) + (u
−1Hω) · x+ ω · ((∇ξ − uiK)x) + (u
−1ωH) · x
=(∇ξ − uiK)(ω · x) + ω · ((∇
ξ − uiK)x)
=((d− uiK)ω) · x− ω · ((∇
ξ − uiK)x) + ω · ((∇
ξ − uiK)x)
=x.
(2.5)
This homotopy tells us that h•T(M,∇
ξ : H) = 0. 
Let M be a T-manifold and ξ be an T-equivariant complex line bundle over M . Let ∇ξ
be a connection on ξ and H ∈ Ω3(M) be a 3-form such that
(∇ξ − uiK + u
−1H)2 + uLξK = 0.
Suppose M = U ∪ V , with U, V open. Assume U, V and U ∩ V are all T-invariant submani-
folds. Thanks to the partition of unity, the following sequence is exact,
(2.6)
0→ Ω•(M, ξ)T[[u, u−1]]→ Ω•(U, ξ)T[[u, u−1]]⊕Ω•(V, ξ)T[[u, u−1]]→ Ω•(U∩V, ξ)T[[u, u−1]]→ 0.
6
(ω, τ) 7→ (τ − ω)
Actually, take any f ∈ Ω•(U ∩ V, ξ)T, let {ρU , ρV } be a partition of unity subordinate to
the open cover {U, V }. We can assume that ρU , ρV are both T-invariant, otherwise, simply
average them over T. Then (−ρV f, ρUf) ∈ Ω
•(U, ξ)T ⊕ Ω•(V, ξ)T maps onto f .
Lemma 2.4. The short exact sequence (2.6) induces a long exact Mayer-Vietoris sequence
in the completed periodic exotic twisted T-equivariant cohomology,
(2.7) hevT (M,∇
ξ : H) // hevT (U,∇
ξ : H)⊕ hevT (V,∇
ξ : H) // hevT (U ∩ V,∇
ξ : H)
D∗

hoddT (U ∩ V,∇
ξ : H)
D∗
OO
hoddT (U,∇
ξ : H)⊕ hoddT (V,∇
ξ : H)oo hoddT (M,∇
ξ : H)oo
Proof. Let ω ∈ Ωev(U ∩ V, ξ)T[[u, u−1]] such that (∇ξ − uiK + u
−1H)ω = 0. Let {ρU , ρV }
be a partition of unity subordinate to the open cover {U, V } such that ρU , ρV are both
T-invariant.
Define the coboundary operator by
(2.8) D∗([ω]) =
{
[−(∇ξ − uiK + u
−1H)(ρV ω)] on U
[(∇ξ − uiK + u
−1H)(ρUω)] on V
which is easily seen to be an element in hoddT (M,∇
ξ : H) and is independent of choices in
this construction. Similarly one can define the coboundary operator on hoddT (U ∩ V,∇
ξ : H).
It is not hard to check the exactness of the sequence. 
Lemma 2.5. Let M be a T-manifold and ξ be an T-equivariant complex line bundle over
M . Let ∇ξ be a connection on ξ and H ∈ Ω3(M) be a 3-form such that
(∇ξ − uiK + u
−1H)2 + uLξK = 0.
Let i0 : M → M × I,m 7→ (m, 0) be the inclusion and pi : M × I → M be the projection. T
acts on M × I in the obvious way. We have
h•T(M × I, pi
∗∇ξ : pi∗H) ∼= h•T(M,∇
ξ : H).
Proof. It is clear that i∗0 ◦ pi
∗ = id : Ω•(M, ξ)→ Ω•(M, ξ).
We will show that pi∗ ◦ i∗0 is homotopic to identity on Ω
•(M × I, pi∗ξ).
Choose an atlas {Uα} forM , then {Uα×I} is an atlas onM×I. Let {sα} be local basis of
ξ on {Uα} and {gαβ} be the transition functions. Then {pi
∗sα} are local basis for the bundle
pi∗ξ on {Uα × I} and {pi
∗gαβ} are the transition functions.
For any ω ∈ Ω•(M × I, pi∗ξ), define K0ω ∈ Ω
•(M × I, pi∗ξ) in the following way. Let
ω = ωα ⊗ (pi
∗sα) on Uα × I. If ωα is of the form (pi
∗ψ)f(x, t), set K0(ω)|Uα×I = 0; if ωα is
of the form (pi∗ψ)f(x, t)dt, set K0(ω)|Uα×I = ((pi
∗ψ)
∫ t
0
f(x, t)dt)⊗ (pi∗sα). As the transition
function from pi∗sα to pi
∗sβ is pi
∗gαβ, it is not hard to see that K0(ω)|Uα×I patch together to
give K0(ω) ∈ Ω
•(M × I, pi∗ξ).
By ([3], Sec 4), we know that on Uα × I, (for simplicity, we also denote by K0 the similar
operator on Ω•(M × I)),
(2.9) (1− pi∗ ◦ i∗0)ωα = (−1)
p(ωα)−1(dK0 −K0d)ωα.
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Since the connection pi∗∇ξ on pi∗ξ is horizontal, we have
(2.10) (1− pi∗ ◦ i∗0)ω = (−1)
p(ω)−1((pi∗∇ξ) ◦K0 −K0 ◦ (pi
∗∇ξ))ω.
Moreover, as iK and pi
∗H are both horizontal, they both commute with K0 and therefore,
(2.11) (1−pi∗◦i∗0)ω = (−1)
p(ω)−1((pi∗∇ξ−uiK+u
−1pi∗H)◦K0−K0◦(pi
∗∇ξ−uiK+u
−1pi∗H))ω.
The isomorphism therefore follows.

Lemma 2.6. Let M be a T-manifold with an invariant good cover {Wα}. T acts on M × I
in the obvious way. Let ξ be an T-equivariant complex line bundle over M × I equipped with
a T-invariant connection ∇ξ and H ∈ Ω3cl(M × I) a closed 3-form on M × I such that
(∇ξ − uiK + u
−1H)2 + uLξK = 0.
Let i0 : M → M × I,m 7→ (m, 0) and i1 : M → M × I,m 7→ (m, 1) be the inclusions. We
have
h•T(M, i
∗
0∇
ξ : i∗0H)
∼= h•T(M, i
∗
1∇
ξ : i∗1H).
Proof. Let {sα} be local invariant basis of i
∗
0ξ on {Wα} and {gαβ} be the transition functions.
Let Θα be the basis of bundle ξ on Wα × I such that
(2.12)
{
∇ξ∂
∂t
Θα = 0
Θα|M×{0} = sα.
Let pi :M × I → M be the projection. Since pi∗gαβ are horizontal, we can see that {pi
∗gαβ}
are transition functions of the local basis {Θα}. Let {θα} be the connection one form of ∇
ξ
with respect to the local basis {Θα}. Obviously, they are horizontal forms. Also as sα are
invariant sections and ∇ξ is an invariant connection, Θα are also local invariant basis of ξ
with respect to the cover {Wα × I}.
Take any ω ∈ Ω•(M, i∗0ξ). Let ω = ωα ⊗ sα on Wα. Define
τ(ω)|Uα×I = (pi
∗ωα)⊗Θα.
It is clear that τ(ω)|Wα×I patch together to give τ(ω) ∈ Ω
•(M × I, ξ).
Define
(2.13) ρ01 : Ω
•(M, i∗0ξ)→ Ω
•(M, i∗1ξ)
ω 7→ e−u
−1K0Hτ(ω)|M×{1},
where K0 is defined as in the proof of Lemma 2.5.
Suppose (i∗0∇
ξ − uiK)ω = −u
−1(i∗0H) · ω. Locally this means that
(2.14) (d+ i∗0θα − uiK)ωα = −u
−1(i∗0H) · ωα.
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Then if we compute (∇ξ − uiK)(e
−u−1K0Hτ(ω)), locally under the basis Θα, we have
(d+ θα − uiK)(e
−u−1K0Hpi∗(ωα))
=e−u
−1K0H(−u−1d(K0H))pi
∗ωα + e
−u−1K0Hpi∗(dωα)
+ (θα − pi
∗i∗0θα)e
−u−1K0Hpi∗(ωα) + e
−u−1K0Hpi∗(i∗0θαωα)
+ e−u
−1K0H(iKK0H)pi
∗(ωα)− ue
−u−1K0Hpi∗(iKωα)
=e−u
−1K0H [(−u−1d(K0H)− u
−1pi∗ ◦ i∗0H) + (θα − pi
∗ ◦ i∗0θα + iKK0H)]pi
∗ωα.
(2.15)
However by homotopy formula, we have H − pi∗ ◦ i∗0H = dK0H − K0dH = dK0H. So
dK0H + pi
∗ ◦ i∗0H = H .
Moreover, by homotopy formula, θα − pi
∗ ◦ i∗0θα = dK0θα − K0dθα. As θα is horizontal,
K0θα = 0. So θα − pi
∗ ◦ i∗0θα = −K0dθα.
But (∇ξ − uiK + u
−1H)2 + uLξK = 0 tells us that dθα − iKH = 0. Noticing that K is
horizontal, so iKK0 = K0iK . Therefore we have
(2.16) θα − pi
∗ ◦ i∗0θα + iKK0H = −K0dθα +K0iKH = −K0dθα +K0dθα = 0.
So
(2.17) (d+ θα − uiK)(e
−u−1K0Hpi∗(ωα)) = −u
−1H(e−u
−1K0Hpi∗(ωα)),
which gives
(2.18) (∇ξ − uiK)(e
−u−1K0Hτ(ω)) = −u−1H(e−u
−1K0Hτ(ω)).
This shows that ρ01 gives us a homomorphism
(2.19) ρ01 : h
•
T(M, i
∗
0∇
ξ : i∗0H)→ h
•
T(M, i
∗
1∇
ξ : i∗1H).
It is easy to see that we can define the inverse ρ10 in a similar manner. Just need to replace
K0 by K1 with replacing (pi
∗ψ)
∫ t
0
f(x, t)dt by (pi∗ψ)
∫ 0
t
f(x, t)dt in the definition of K0. 
Remark 2.7. We would like to point out that there exist T-manifolds with invariant good
covers. For instance, the invariant tubular neighborhoods of a finite dimensional manifold
in its loop space.
In the following, we will give a proof of Theorem 2.1.
Pick an invariant tubular neighbourhood of N of F such that there exists a projection
p : N → F and an equivariant homotopy
g : N × I → N,
with the property that
g0 = i ◦ p, g1 = id,
p(gt(x)) = g0(x), ∀x ∈ N, t ∈ I.
As i ◦ p = id, we have
i∗p∗ = id : h•T(F, i
∗∇ξ, i∗H)→ h•T(N, p
∗i∗∇ξ, p∗i∗H)→ h•T(F, i
∗∇ξ, i∗H).
As p(gt(x)) = g0(x), ∀x ∈ N, t ∈ I, we have i ◦ p ◦ g = i ◦ p ◦ pi. So
(2.20) g∗p∗i∗(ξ) = pi∗(p∗i∗(ξ)), g∗p∗i∗(H) = pi∗(p∗i∗(H)).
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By Lemma 2.5, we have
(2.21) h•T(N, p
∗i∗∇ξ : p∗i∗H) ∼= h•T(N × I, g
∗p∗i∗(∇ξ) : g∗p∗i∗(H)).
Suppose i0 : N → N × I,m 7→ (m, 0) and i1 : N → N × I,m 7→ (m, 1) be the inclusions.
Since i ◦ p = g ◦ i0, we have
(2.22) i∗0g
∗ = p∗i∗ : h•T(N, p
∗i∗∇ξ : p∗i∗H)→ h•T(F, i
∗∇ξ, i∗H)→ h•T(N, p
∗i∗∇ξ : p∗i∗H).
By Lemma 2.5, i∗0 and i
∗
1 are both inverse to
pi∗ : h•T(N, p
∗i∗∇ξ : p∗i∗H)→ h•T(N × I, g
∗p∗i∗(∇ξ) : g∗p∗i∗(H)).
So
p∗i∗ = i∗1g
∗ = (g ◦ i1)
∗ = id : h•T(N, p
∗i∗∇ξ : p∗i∗H)→ h•T(N, p
∗i∗∇ξ : p∗i∗H).
Therefore we have
(2.23) h•T(F, i
∗∇ξ, i∗H) ∼= h•T(N, p
∗i∗∇ξ, p∗i∗H).
On the other hand, g∗ξ, g∗(∇ξ), g∗(H) have the property that
g∗H ∈ Ω3cl(N × I), (g
∗∇ξ − uiK + u
−1g∗H)2 + Lg
∗ξ
K = 0.
Also
i∗0g
∗ξ = p∗i∗ξ, i∗0(g
∗(H)) = p∗i∗(H),
i∗1g
∗ξ = ξ, i∗1(g
∗(H)) = H.
Then by Lemma 2.6, we have
(2.24) h•T(N, p
∗i∗∇ξ, p∗i∗H) ∼= h•T(N,∇
ξ, H).
So we can see that
(2.25) h•T(F, i
∗∇ξ, i∗H) ∼= h•T(N,∇
ξ, H).
Note that Y = (Y \ F ) ∪N and Y \ F , (Y \ F ) ∩N = N \ F are fixed point free. Then
Lemma 2.3 and Lemma 2.4 (the Mayer-Vietoris sequence) as well as the above isomorphism
give that
i∗ : h•T(Y,∇
ξ, H) ∼= h•T(N,∇
ξ, H) ∼= h•T(F, i
∗∇ξ, i∗H)
is an isomorphism.
3. Twisted Bismut-Chern character
In [4], it was argued that D-brane charges in a background H-flux take values in twisted
K-theory of spacetime Z, K•(Z,H). The Chern-Weil representatives of the twisted Chern
character ChH : K
•(Z,H)→ H•(Z,H) were defined and its properties studied in [5].
Our goal in this section is to show that there is a refinement of the twisted Chern character
ChH to the twisted Bismut-Chern character BChH : K
•(Z,H)→ h•T(LZ,L
B; H¯) having the
property that the following diagram commutes,
K•(Z,H)
ChH **❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
BChH // h•T(LZ,L
B; H¯)
restt✐✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐
H(Ω•(Z)[[u, u−1]], d+ u−1H)
When H = 0, this reduces to Bismut’s original construction in [2].
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We begin by reviewing geometric representatives of twisted K-theory and the Chern-Weil
representative of the twisted Chern character.
3.1. Gerbe modules with connections. Let {Uα} be a Brylinski cover of Z and E = {Eα}
be a collection of (infinite dimensional) Hilbert bundles Eα → Uα whose structure group is
reduced to UI, which are unitary operators on the model Hilbert space H of the form identity
+ trace class operator. Here I denotes the Lie algebra of trace class operators on H. In
addition, assume that on the overlaps Uαβ that there are isomorphisms
(3.1) φαβ : Lαβ ⊗Eβ ∼= Eα,
which are consistently defined on triple overlaps because of the gerbe property. Then {Eα}
is said to be a gerbe module for the gerbe {Lαβ}.
A gerbe module connection ∇E is a collection of connections {∇Eα} is of the form ∇
E
α =
d+ AEα where A
E
α ∈ Ω
1(Uα)⊗ I whose curvature F
E
α on the overlaps Uαβ satisfies
(3.2) φ−1αβ(F
E
α )φαβ = F
L
αβI + F
E
β
Using equation (1.1), this becomes
(3.3) φ−1αβ(BαI + F
E
α )φαβ = BβI + F
E
β .
It follows that exp(−B) Tr
(
exp(−FE)− I
)
is a globally well defined differential form on Z
of even degree. Notice that Tr(I) =∞ which is why we need to consider the subtraction.
3.2. Geometric representatives of twisted K-theory and the twisted Chern char-
acter. Let E = {Eα} and E
′ = {E ′α} be a gerbe modules for the gerbe {Lαβ}. Then an
element of twisted K-theory K0(Z,H) is represented by the pair (E,E ′), see [5]. Two such
pairs (E,E ′) and (G,G′) are equivalent if E ⊕ G′ ⊕ K ∼= E ′ ⊕ G ⊕ K as gerbe modules
for some gerbe module K for the gerbe {Lαβ}. We can assume without loss of generality
that these gerbe modules E,E ′ are modeled on the same Hilbert space H, after a choice of
isomorphism if necessary.
Suppose that ∇E ,∇E
′
are gerbe module connections on the gerbe modules E,E ′ respec-
tively. Then we can define the twisted Chern character as
ChH : K
0(Z,H)→ Heven(Z,H)
ChH(E,E
′) = exp(−B) Tr
(
exp(−FE)− exp(−FE
′
)
)
That this is a well defined homomorphism is explained in [5, 18]. To define the twisted Chern
character landing in (Ω•(Z)[[u, u−1]])(d+u−1H)−cl, simply replace the above formula by
ChH(E,E
′) = exp(−u−1B) Tr
(
exp(−u−1FE)− exp(−u−1FE
′
)
)
.
3.3. Defining the twisted Bismut-Chern character. For a bundle ξ with connection,
denote the parallel transport of ξ on a loop γ from γ0 to γs by
ξτ 0s and
ξτ s0 is defined by
(ξτ 0s )
−1.
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Let ωα ∈ Ω
•(LUα)
T[[u, u−1]] be defined by (the invariance can be seen from (49))
ωα =Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eατ s10 (F̂
E
α s1
) ◦ · · · ◦ Eατ sn0 (F̂
E
α sn
)
 ◦ Eατ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′ατ s10 (F̂
E′
α s1
) ◦ · · · ◦ E
′
ατ sn0 (F̂
E′
α sn
)
 ◦ E′ατ 10
 .
Define an element BChH,α(∇
E ,∇E
′
) ∈ Ω•(LUα,L
B)T[[u, u−1]] (the invariance can be seen
from Theorem 3.1) by
BChH,α(∇
E,∇E
′
)
=
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
 · ωα ⊗ σα
=
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn

· Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eατ s10 (F̂
E
α s1
) ◦ · · · ◦ Eατ sn0 (F̂
E
α sn
)
 ◦ Eατ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′ατ s10 (F̂
E′
α s1
) ◦ · · · ◦ E
′
ατ sn0 (F̂
E′
α sn
)
 ◦ E′ατ 10
⊗ σα.
(3.4)
In the above and the following, to save space, we drop the ds1ds2 · · · dsn in the integration.
Note that the subtraction of the terms coming from E and E ′ is essential here to take trace.
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The {BChH,α} patch together to be a global form in Ω
•(LZ,LB)T[[u, u−1]]. Actually
BChH,β(∇
E ,∇E
′
)
=
(
1 +
∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂βs1 · · · B̂βsn
)
· Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eβτ s10 (F̂
E
β s1
) ◦ · · · ◦ Eβτ sn0 (F̂
E
β sn
)
 ◦ Eβτ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′
βτ s10 (F̂
E′
β s1
) ◦ · · · ◦ E
′
βτ sn0 (F̂
E′
β sn
)
 ◦ E′βτ 10
⊗ σβ
=
(
1 +
∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
(B̂αs1 + F̂
L
αβs1
) · · · (B̂αsn + F̂
L
αβsn
)
)
· Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eβτ s10 (F̂
E
β s1
) ◦ · · · ◦ Eβτ sn0 (F̂
E
β sn
)
 ◦ Eβτ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′
βτ s10 (F̂
E′
β s1
) ◦ · · · ◦ E
′
βτ sn0 (F̂
E′
β sn
)
 ◦ E′βτ 10

⊗ (e
1∫
0
iKAαβ
)σα
=
(
1 +
∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
)
·
(
1 +
∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
F̂Lαβs1
· · · F̂Lαβsn
)
Lαβτ 10
· Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eβτ s10 (F̂
E
β s1
) ◦ · · · ◦ Eβτ sn0 (F̂
E
β sn
)
 ◦ Eβτ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′
βτ s10 (F̂
E′
β s1
) ◦ · · · ◦ E
′
βτ sn0 (F̂
E′
β sn
)
 ◦ E′βτ 10
⊗ σα
(3.5)
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So we have
BChH,β(∇
E,∇E
′
)
=
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn

· Tr
I+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Lαβ⊗Eβτ s10 (
̂FLαβI+F
E
β s1
)◦· · ·◦Lαβ⊗Eβτ sn0 (
̂FLαβI+F
E
β sn
)
◦Lαβ⊗Eβτ 10
−
I+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Lαβ⊗E
′
βτ s10 (
̂FLαβI+F
E′
β
s1
)◦· · · ◦ Lαβ⊗E
′
βτ sn0 (
̂FLαβI+F
E′
β
sn
)
◦Lαβ⊗E′βτ 10
⊗ σα
=
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn

· Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eατ s10 (F̂
E
α s1
) ◦ · · · ◦ Eατ sn0 (F̂
E
α sn
)
 ◦ Eατ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′ατ s10 (F̂
E′
α s1
) ◦ · · · ◦ E
′
ατ sn0 (F̂
E′
α sn
)
 ◦ E′ατ 10
⊗ σα.
=BChH,α(∇
E ,∇E
′
)
Define the twisted Bismut-Chern character form BChH(∇
E ,∇E
′
) ∈ Ω•(LZ,LB)T[[u, u−1]]
to be the global form patched together from the forms construction as (3.4). It is easily seen
that when restricted to constant loops, the twisted Bismut-Chern character form degenerates
to the twisted Chern character form and hence the commutativity of (0.1) follows.
Theorem 3.1. (i) We have (∇L
B
− uiK + u
−1H¯)BChH(∇
E,∇E
′
) = 0;
(ii) The exotic twisted T-equivariant cohomology class [BChH(∇
E,∇E
′
)] does not depend on
the choice of connections ∇E ,∇E
′
.
Proof. (i) To prove
(∇L
B
− uiK + u
−1H¯)BChH(∇
E ,∇E
′
) = 0,
we only have to show that
(3.6)
(d− iKB¯α − uiK + u
−1H¯)
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤s2≤···≤sn≤1
B̂αs1B̂αs2 · · · B̂αsn
 · ωα
 = 0.
From Bismut’s result in [2], we know that
(3.7) (d− uiK)ωα = 0.
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Moreover
(d− uiK)
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn

=
∞∑
n=1
(−u)−n
n∑
i=1
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · d̂Bαsi · · · B̂αsn
+
∞∑
n=1
(−u)−n+1
n∑
i=1
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · îKBαsi · · · B̂αsn
=
∞∑
n=1
(−u)−n
n∑
i=1
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · Ĥsi · · · B̂αsn
+
∞∑
n=1
(−u)−n+1
n∑
i=1
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · îKBαsi · · · B̂αsn
=
(
−u−1
∫ 1
0
Ĥsds
)1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1B̂αs2 · · · B̂αsn

+
(∫ 1
0
îKBαsds
)1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
 .
(3.8)
So
(d− uiK)
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn

=(iKB¯ − u
−1H¯)
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
 .
(3.9)
Therefore it is clear that (3.6) holds.
(ii) Now suppose we have two pairs of gerbe module connections (∇E0 ,∇
E′
0 ) and (∇
E
1 ,∇
E′
1 ).
Let ∇Et = (1 − t)∇
E
0 + t∇
E
1 and ∇
E′
t = (1 − t)∇
′E
0 + t∇
E′
1 . Denote the curvatures of these
two connections by FE,t and FE
′,t.
Let AE = ∇E1 − ∇
E
0 and A
E′ = ∇E
′
1 − ∇
E′
0 . Actually A
E = {AEα} with the relation
φ−1αβ(A
E
α )φαβ = A
E
β . Similar relations hold for {A
E′
α }.
Let ηα ∈ Ω
•(LUα)
T[[u, u−1]] be defined by (the invariance can be seen from (55))
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ηα = Tr
−u−1
∫ 1
0
Etατ s0 (Â
E
α s)ds◦
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Etατ s10 (F̂
E,t
α s1)◦· · · ◦
Etατ sn0 (F̂
E,t
α sn)
◦Etατ 10
+u−1
∫ 1
0
E′tα τ s0 (Â
E′
α s)ds◦
I+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′tα τ s10 (
̂FE
′,t
α s1)◦· · · ◦
E′tα τ sn0 (
̂FE
′,t
α sn)
◦E′tα τ 10
 .
Define an element BCSH,α(∇
E
0 ,∇
E′
0 ;∇
E
1 ,∇
E′
1 ) ∈ Ω
•(LUα,L
B)T[[u, u−1]] by
BCSH,α(∇
E
0 ,∇
E′
0 ;∇
E
1 ,∇
E′
1 )
=
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
 · ηα ⊗ σα
=
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn

(3.10)
·Tr
−u−1
∫ 1
0
Etατ s0 (Â
E
α s)ds◦
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Etατ s10 (F̂
E,t
α s1)◦· · · ◦
Etατ sn0 (F̂
E,t
α sn)
◦Etατ 10
+u−1
∫ 1
0
E′tα τ s0 (Â
E′
α s)ds◦
I+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′tα τ s10 (
̂FE
′,t
α s1)◦· · · ◦
E′tα τ sn0 (
̂FE
′,t
α sn)
◦E′tα τ 10
⊗ σα.
Similar to what we did in 3.5, we can show that {BCSH,α(∇
E
0 ,∇
E′
0 ;∇
E
1 ,∇
E′
1 )} patch
together to give us a global form BCSH(∇
E
0 ,∇
E′
0 ;∇
E
1 ,∇
E′
1 ) ∈ Ω
•(LZ,LB)T[[u, u−1]]. We call
this form the twisted Bismut-Chern-Simons transgression term.
From Bismut’s result in [2], we know that
(3.11) ωα(∇
E
1 ,∇
E′
1 )− ωα(∇
E
0 ,∇
E′
0 ) = (d− uiK)ηα.
Combining (3.9), we see that1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
 · ωα(∇E1 ,∇E′1 )
−
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
 · ωα(∇E0 ,∇E′0 )
=(d− iKB¯α − uiK + u
−1H¯)
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn
 · ηα
 .
(3.12)
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Therefore, we have
BChH(∇
E
1 ,∇
E′
1 )−BChH(∇
E
0 ,∇
E′
0 )
=(∇L
B
− uiK + u
−1H¯)BCSH(∇
E
0 ,∇
E′
0 ;∇
E
1 ,∇
E′
1 ).
(3.13)

If we change the curving of the gerbe from {Bα} to {Bα+Q}, where Q ∈ Ω
2(Z), then the
holonomy line bundle LB is unchanged while the connection ∇L
B
is change to ∇L
B
− τ(Q)
and the 3-curvature of the gerbe is changed to H+dQ. So the differential ∇L
B
−uiK+u
−1H¯
is changed to ∇L
B
− τ(Q)− uiK + u
−1H + dQ.
Consider the map
(3.14) VQ : Ω
•(LZ,LB)T[[u, u−1]]→ Ω•(LZ,LB)T[[u, u−1]]
such that
VQ(ω) =
1+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1̂
Qs1 · · · Q̂sn
 · ω.
Suppose (∇L
B
− uiK + u
−1H¯)ω = 0, then (similar to (3.8))
(∇L
B
− τ(Q)− uiK + u
−1H + dQ)
1+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1̂
Qs1 · · · Q̂sn
 · ω

=(−τ(Q) + u−1dQ)
1+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1̂
Qs1 · · · Q̂sn
 · ω
+
(d− uiK)
1+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1̂
Qs1 · · · Q̂sn
 · ω
=0.
(3.15)
This shows that we have an isomorphism (still denoted by VQ)
VQ : h
•
T(LZ,∇
LB : H¯)→ h•T(LZ, (∇
LB − τ(Q)) : H + dQ).
It is clear that when restricted to constant loops, we get an isomorphism
VQ : H(Ω
•(Z)[[u, u−1]], d+ u−1H)→ H(Ω•(Z)[[u, u−1]], d+ u−1(H + dQ)),
sending η to e−u
−1Q · η.
17
Moreover, we see that
BChH+dQ,α(∇
E,∇E
′
)
=
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂α +Qs1 · · · B̂α +Qsn

· Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eατ s10 (F̂
E
α s1
) ◦ · · · ◦ Eατ sn0 (F̂
E
α sn
)
 ◦ Eατ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′ατ s10 (F̂
E′
α s1
) ◦ · · · ◦ E
′
ατ sn0 (F̂
E′
α sn
)
 ◦ E′ατ 10
⊗ σα
=
1+ ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1̂
Qs1 · · · Q̂sn
1 + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
B̂αs1 · · · B̂αsn

· Tr
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
Eατ s10 (F̂
E
α s1
) ◦ · · · ◦ Eατ sn0 (F̂
E
α sn
)
 ◦ Eατ 10
−
I + ∞∑
n=1
(−u)−n
∫
0≤s1≤···≤sn≤1
E′ατ s10 (F̂
E′
α s1
) ◦ · · · ◦ E
′
ατ sn0 (F̂
E′
α sn
)
 ◦ E′ατ 10
⊗ σα
=VQ(BChH,α(∇
E,∇E
′
)).
(3.16)
So we have
(3.17) VQ(BChH(∇
E,∇E
′
)) = BChH+dQ(∇
E ,∇E
′
).
It is also clear that
(3.18) VQ(ChH(∇
E,∇E
′
)) = ChH+dQ(∇
E ,∇E
′
).
Therefore we have the commutative diagram
(3.19)
K•(Z,H)
ChH
((
BChH

⊗trivial gerbe with curving Q
and 3-curvature dQ
// K•(Z,H + dQ)
ChH+dQ
vv
BChH+dQ

h•T(LZ,∇
LB : H¯)
VQ
∼=
//
res ∼=

h•T(LZ, (∇
LB − τ(Q)) : H + dQ)
res∼=

H•(Ω(Z)[[u, u−1]], d+ u−1H)
VQ
∼=
// H(Ω•(Z)[[u, u−1]], d+ u−1(H + dQ))
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4. Relation to T-duality
We apply our previous results to the study of T-duality. First we review the results in
[6, 7], where the following situation is studied.
4.1. Review of T-duality for principal circle bundles in a background flux. In [6, 7],
spacetime Z was compactified in one direction. More precisely, Z is a principal T-bundle
over X
(4.1)
T −−−→ Z
pi
y
X
classified up to isomorphism by its first Chern class c1(Z) ∈ H
2(X,Z). Assume that
spacetime Z is endowed with an H-flux which is a representative in the degree 3 Deligne
cohomology of Z, that is H ∈ Ω3(Z) with integral periods (for simplicity, we drop factors
of 1
2pii
), together with the following data. Consider a local trivialization Uα × T of Z → X ,
where {Uα} is a good cover of X . Let Hα = H
∣∣∣
Uα×T
= dBα, where Bα ∈ Ω
2(Uα × T) and
finally, Bα − Bβ = Fαβ ∈ Ω
1(Uαβ × T). Then the choice of H-flux entails that we are given
a local trivialization as above and locally defined 2-forms Bα on it, together with closed
2-forms Fαβ defined on double overlaps, that is, (H,Bα, Fαβ). Also the first Chern class of
Z → X is represented in integral cohomology by (F,Aα) where {Aα} is a connection 1-form
on Z → X and F = dAα is the curvature 2-form of {Aα}.
The T-dual is another principal T-bundle over M , denoted by Zˆ,
(4.2)
Tˆ −−−→ Zˆ
pˆi
y
X
To define it, we see that pi∗(Hα) = dpi∗(Bα) = dAˆα, so that {Aˆα} is a connection 1-form
whose curvature dAˆα = Fˆα = pi∗(Hα) that is, Fˆ = pi∗H . So let Zˆ denote the principal
T-bundle over M whose first Chern class is c1(Zˆ) = [pi∗H, pi∗(Bα)] ∈ H
2(X ;Z).
The Gysin sequence for Z enables us to define a T-dual H-flux [Hˆ ] ∈ H3(Zˆ,Z), satisfying
(4.3) c1(Z) = pˆi∗Hˆ ,
where pi∗ and similarly pˆi∗, denote the pushforward maps. Note that Hˆ is not fixed by this
data, since any integer degree 3 cohomology class on X that is pulled back to Zˆ also satisfies
the requirements. However, Hˆ is determined uniquely (up to cohomology) upon imposing
the condition [H ] = [Hˆ ] on the correspondence space Z ×X Zˆ as will be explained now.
The correspondence space (sometimes called the doubled space) is defined as
Z ×X Zˆ = {(x, xˆ) ∈ Z × Zˆ : pi(x) = pˆi(xˆ)}.
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Then we have the following commutative diagram,
(Z, [H ])
pi
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
(Z ×X Zˆ, [H ] = [Hˆ])
pˆ
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
p
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
X
(Zˆ, [Hˆ ])
pˆi
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
By requiring that
p∗[H ] = pˆ∗[Hˆ ] ∈ H3(Z ×X Zˆ,Z),
determines [Hˆ ] ∈ H3(Zˆ,Z) uniquely, via an application of the Gysin sequence. An alternate
way to see this is is explained below.
Let (H,Bα, Fαβ , Lαβ) denote a gerbe with connection on Z. We also choose a connection
1-form A on Z. Let v denote the vectorfield generating the S1-action on Z. Then define
Âα = −ıvBα on the chart Uα and the connection 1-form Â = Âα + dθ̂α on the chart Uα × T̂.
In this way we get a T-dual circle bundle Ẑ → X with connection 1-form Â.
Without loss of generality, we can assume that H is T-invariant. Consider
Ω = H − A ∧ F
Â
where FÂ = dÂ and FA = dA are the curvatures of A and Â respectively. One checks that
the contraction iv(Ω) = 0 and the Lie derivative Lv(Ω) = 0 so that Ω is a basic 3-form on
Z, that is Ω comes from the base X .
Setting
Ĥ = FA ∧ Â + Ω
this defines the T-dual flux 3-form. One verifies that Ĥ is a closed 3-form on Ẑ. It follows
that on the correspondence space, one has as desired,
(4.4) Ĥ = H + d(A ∧ Â).
Our next goal is to determine the T-dual curving or B-field. The Buscher rules imply that
on the open sets Uα × T× T̂ of the correspondence space Z ×X Zˆ, one has
(4.5) B̂α = Bα + A ∧ Â− dθα ∧ dθ̂α ,
Note that
(4.6) ıvB̂α = ıv
(
Bα + A ∧ Â− dθα ∧ dθ̂α
)
= −Âα + Â− dθ̂α = 0
so that B̂α is indeed a 2-form on Ẑ and not just on the correspondence space. Obviously,
dB̂α = Ĥ. Following the descent equations one arrives at the complete T-dual gerbe with
connection, (Ĥ, B̂α, F̂αβ, L̂αβ). cf. [8].
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The rules for transforming the Ramond-Ramond (RR) fields can be encoded in the [6, 7]
generalization of Hori’s formula
(4.7) T∗G =
∫
T
eA∧Aˆ G ,
where G ∈ Ω•(Z)T is the total RR fieldstrength,
G ∈ Ωeven(Z)T for Type IIA;
G ∈ Ωodd(Z)T for Type IIB,
and where the right hand side of equation (4.7) is an invariant differential form on Z ×X Zˆ,
and the integration is along the T-fiber of Z.
Recall that the twisted cohomology is defined as the cohomology of the complex
H•(Z,H) = H•(Ω•(Z), dH = d+H∧).
By the identity (4.7), T∗ maps dH-closed forms G to dHˆ-closed forms T∗G. So T-duality T∗
induces a map on twisted cohomologies,
T : H•(Z,H)→ H•+1(Zˆ, Hˆ).
Define the Riemannian metrics on Z and Zˆ respectively by
g = pi∗gX +R
2A⊙A, gˆ = pˆi∗gX + 1/R
2 Aˆ⊙ Aˆ.
where gX is a Riemannian metric on X . Then g is T-invariant and the length of each circle
fibre is R; gˆ is Tˆ-invariant and the length of each circle fibre is 1/R.
The following theorem summarizes the main consequence of T-duality for principal circle
bundles in a background flux.
Theorem 4.1 (T-duality isomorphism [6, 7]). In the notation above, and with the above
choices of Riemannian metrics and flux forms, the map (4.7)
T : Ωk¯(Z)T → Ωk+1(Zˆ)Tˆ,
for k = 0, 1, (where k¯ denotes the parity of k) are isometries, inducing isomorphisms on
twisted cohomology groups,
(4.8) T : H•(Z,H)
∼=
−→ H•+1(Zˆ, Hˆ).
Therefore under T-duality one has the exchange,
R⇐⇒ 1/R and background H-flux ⇐⇒ Chern class
Moreover there is also an isomorphism of twisted K-theories,
(4.9) T : K•(Z,H)→ K•+1(Zˆ, Hˆ),
such that the following diagram commutes,
(4.10) K•(Z,H)
ChH

T // K•+1(Zˆ, Hˆ)
Ch
Hˆ

H•(Z,H)
T
// H•+1(Zˆ, Hˆ)
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The surprising new phenomenon discovered in [6, 7] is that there is a change in topology
when the H-flux is non-trivial.
4.2. T-duality: a loop space perspective. As a consequence of our Localisation Theo-
rem 2.1, properties of the twisted Bismut-Chern character in section 3, and Theorem 4.1,
we obtain a T-duality isomorphism of completed periodic exotic twisted T-equivariant coho-
mologies,
Corollary 4.2 (T-duality and completed periodic exotic twisted T-equivariant cohomolo-
gies). In the notation above, there is an isomorphism
(4.11) T : h•T(LZ,∇
LB : H¯)
∼=
−→ h•+1T (LẐ,∇
LB̂ :
¯̂
H),
such that the following diagram commutes,
(4.12)
K•(Z,H)
ChH
((
BChH

T
∼=
// K•+1(Zˆ, Hˆ)
Ch
Hˆ
vv
BCh
Hˆ

h•T(LZ,∇
LB : H¯)
T
//
res ∼=

h•+1T (LẐ,∇
LB̂ :
¯̂
H)
res∼=

H•(Ω(Z)[[u, u−1]], d+ u−1H)
T
∼= // H•+1(Ω(Ẑ)[[u, u−1]], d+ u−1Ĥ)
To complete the proof of the corollary, we prove the following lemma
Lemma 4.3. In the notation above, H•(Ω(Z)[[u, u−1]], d+ u−1H) ∼= H•(Z,H)[[u, u−1]].
Proof. Let cu : Ω(Z)[[u, u
−1]] → Ω(Z)[[u, u−1]] be defined by multiplication by u−[
i
2
] on i-
forms. Then cu(H) = u
−1H and one checks that cu ◦ (d + H) = u
−k(d + u−1H) ◦ cu on
Ωk¯(Z)[[u, u−1]] for k = 0, 1, with k¯ denoting the parity of k. Observing that
H•(Ω(Z)[[u, u−1]], d+H) = H•(Z,H)[[u, u−1]],
we see that cu gives the desired isomorphism. 
This isomorphism is interpreted as T-duality from a loop space perspective, giving an
equivalence (rationally) between D-brane charges in a background H-flux in type IIA and
IIB string theories. As a consequence of the above, we propose that the configuration space of
Ramond-Ramond fields to be the space of differential forms with coefficients in the holonomy
line bundle on loop space LZ of the gerbe GB on spacetime Z, and that are closed under the
equivariantly closed superconnection.
A refinement and extension of these results is the topic of the work in progress [13].
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